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THE ASYMPTOTICS OF THE ANALYTIC TORSION ON CR MANIFOLDS
WITH S1 ACTION
CHIN-YU HSIAO AND RUNG-TZUNG HUANG
Abstract. Let X be a compact connected strongly pseudoconvex CR manifold of dimension
2n+ 1, n ≥ 1 with a transversal CR S1-action on X. We introduce the Fourier components of
the Ray-Singer analytic torsion on X with respect to the S1-action. We establish an asymptotic
formula for the Fourier components of the analytic torsion with respect to the S1-action. This
generalizes the asymptotic formula of Bismut and Vasserot on the holomorphic Ray-Singer
torsion associated with high powers of a positive line bundle to strongly pseudoconvex CR
manifolds with a transversal CR S1-action.
1. Introduction
In [19], Ray and Singer introduced the holomorphic analytic torsion for ∂-complex on complex
manifolds as the complex analogue of the analytic torsion for flat vector bundles [18]. In [3],
Bismut and Vasserot established the asymptotic formula of the holomorphic analytic torsion
associated with high powers of a positive line bundle, by using the heat kernel method of [2]
(see also [14, Sect. 5.5]). The asymptotic formula has applications in Arakelov geometry [20].
Another applications of the holomorphic torsion appeared in the study of the moduli space of
K3 surfaces by Yoshikawa in [21] and his subsequent works. Recently, M. Puchol [17] extended
the results of Bismut and Vasserot on the asymptotic of the holomorphic torsion to the fibration
case.
In orbifold geometry, we have Kawasaki’s Hirzebruch-Riemann-Roch formula [12] and also
general index theorem [16]. To study further geometric problem for orbifolds (for example,
local family index theorem), it is important to know the corresponding heat kernel asymptotics
and to have the concept of analytic torsion. The difficulty comes from the fact that in general
the heat kernel expansion involves strata contribution (see [6]) and it is difficult to study local
index theorem and analytic torsion on general orbifolds. Thus, it is natural to first attack
such problems on some class of orbifolds. In complex orbifold geometry, we usually consider
an orbifold ample line bundle L over a a projective orbifold M . An important case is when
Tot (L∗) the space of all non-zero vectors in the dual bundle of L is smooth, where Tot (L∗) is
considered as a complex manifold. In this case, the circle bundle C(L∗) is a smooth manifold.
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Actually, C(L∗) is a Sasakian manifold and all quasi-regular Sasakian manifolds are obtained
this way (see [15]). Moreover, C(L∗) is a smooth CR manifold with a transversal CR S1 action.
The point is that since C(L∗) is a smooth manifold, if we work directly on C(L∗), we should
get better results than general orbifolds case (see [9], [10], [11] and [5]). For example, in [5], we
can reinterpret Kawasaki’s Hirzebruch-Riemann-Roch formula as an index theorem obtained by
an integral over a smooth CR manifold which is essentially the circle bundle of this line bundle.
Thus, we could first try to define and study analytic torsion on such CR manifolds. This is the
motivation of this paper.
To motivate our approach, let’s come back to complex geometry case. Consider a compact
smooth complex manifold M of dimension n and let (L, hL)→M be a holomorpic line bundle
over M , where hL denotes a Hermitian fiber metric of L. Let (L∗, hL
∗
)→M be the dual bundle
of (L, hL) and put X =
{
v ∈ L∗; |v|2
hL∗ = 1
}
. We call X the circle bundle of (L∗, hL
∗
). It is
clear that X is a compact CR manifold of dimension 2n+1. Given a local holomorphic frame s
of L on an open subset U ⊂M we define the associated local weight of hL by |s(z)|2
hL
= e−2φ(z),
φ ∈ C∞(U,R). The CR manifold X is equipped with a natural S1 action. Locally X can be
represented in local holomorphic coordinates (z, λ) ∈ Cn+1, where λ is the fiber coordinate, as
the set of all (z, λ) such that |λ|2e2φ(z) = 1, where φ is a local weight of hL. The S1 action on X
is given by eiθ ◦ (z, λ) = (z, eiθλ), eiθ ∈ S1, (z, λ) ∈ X. Let T ∈ C∞(X,TX) be the real vector
field induced by the S1 action, that is, Tu = ∂∂θ (u(e
iθ ◦ x))|θ=0, u ∈ C∞(X). We can check that
[T,C∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X) and CT (x)⊕ T 1,0x X ⊕ T 0,1x X = CTxX (we say that the S1
action is CR and transversal). For every m ∈ Z, put
Ω0,•m (X) : =
{
u ∈ Ω0,•(X); Tu = imu}
=
{
u ∈ Ω0,•(X); u(eiθ ◦ x) = eimθu(x),∀θ ∈ [0, 2π[
}
.
Since ∂bT = T∂b, we have ∂b : Ω
0,•
m (X) → Ω0,•m (X), where ∂b denotes the tangential Cauchy-
Riemann operator. Let Ω0,•(M,Lm) be the space of smooth sections of (0, •) forms of M with
values in Lm, where Lm is the m-th power of L. It is well-known that (see Theorem 1.2 in [5])
there is a bijection map
Am : Ω
0,•
m (X)→ Ω0,•(M,Lm)
such that Am∂b = ∂Am on Ω
0,•
m (X). Let m be the Kodaira Laplacian with values in T
∗0,•M ⊗
Lm and let e−tm be the associated heat operator. It is well-known that e−tm admits an
asymptotic expansion as t→ 0+. Consider Bm(t) := (Am)−1 ◦ e−tm ◦ Am. Let
b,m : Ω
0,•
m (X)→ Ω0,•m (X)
be the Kohn Laplacian for forms with values in the m-th S1 Fourier component and let e−tb,m
be the associated heat operator. We can check that
e−tb,m = Bm(t) ◦Qm = Qm ◦Bm(t) ◦Qm, (1.1)
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where Qm : Ω
0,•(X)→ Ω0,•m (X) is the orthogonal projection. From the asymptotic expansion of
e−tm and (1.1), it is straightforward to see that
e−tb,m(x, x) ∼ t−nan(x) + t−n+1an−1(x) + · · · . (1.2)
From (1.2), we can define exp(−12θ′b,m(0)) the m-th Fourier component of the analytic torsion on
the CR manifold X, where θb,m(z) = −M
[
STr[Ne−tb,mΠ⊥m]
]
. Here N is the number operator
on T ∗0,•X, STr denotes the super trace , Π⊥m is the orthogonal projection onto (Kerb,m)
⊥ and
M denotes the Mellin transformation. Let exp(−12θ′m(0)) be the analytic torsion associated to
Lm. It is easy to see that
θ′b,m(0) = θ
′
m(0). (1.3)
Assume that RL > 0, where RL is the curvature induced by hL. Bismut and Vasserot’s as-
ymptotic formula (see [3, Theorem 8] and [14, Theorem 5.5.8]) tells us that as m → +∞, we
have
θ′m(0) =
1
2
∫
M
log
(
det
(
mR˙L
2π
))
em
√−1
2π
RL + o(mn), (1.4)
where R˙L ∈ End(T 1,0M) is the Hermitian matrix given by
RL(V,W ) = 〈 R˙LV |W 〉, V,W ∈ T 1,0M.
Here 〈 · | · 〉 is the fixed Hermitian metric on CTM . Let’s reformulate (1.4) in terms of geometric
objects on X:
θ′b,m(0) =
1
4π
∫
X
log
(
det
(
mR˙
2π
))
e−m
dω0
2π ∧ (−ω0) + o(mn), (1.5)
where ω0 is the unique one form given by (1.9), and R˙ ∈ End(T 1,0X) is the Hermitian matrix
given by
idω0(V,W ) = 〈 R˙V |W 〉, V,W ∈ T 1,0X.
The purpose of this paper is to define the Ray-Singer torsion and establish (1.5) on any abstract
strongly pseudoconvex CR manifols with a transversal CR locally free S1-action. Note that for
the case of circle bundle, the S1 action is globally free and X is strongly pseudoconvex if RL > 0.
1.1. The difficulty. The proof of Bismut and Vasserot’s asymptotic formula is based on the
following results:
e−
t
m
m(z, z) = (2π)−n
det(R˙L) exp(tωd)
det(1− exp(−tR˙L))(z)m
n + o(mn), (1.6)
where ωd = −
∑
l,j R
L(wj , wl)w
l ∧ ιwj and {wj}nj=1 is a local orthonormal frame of T 1,0M with
dual frame {wj}nj=1, and
m−n
∫
M
STrNe−
t
m
m(z, z)dvM (z) ∼
∞∑
j=−n
Bm,jt
j as t→ 0+, uniformly in m, (1.7)
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where we can compute the term limm→∞Bm,j, for each j. For the case where the S
1 action is
only locally free, our asymptotic expansion involves an unprecedented contribution in terms of
a distance function from lower dimensional strata of the S1 action (see Theorem 3.1). Roughly
speaking, on the regular part of X, we have
e−tb,m(x, x) = (2π)−n−1
det(R˙) exp(tγd)
det(1− exp(−tR˙)) (x) + o(m
n) mod O
(
mne−md(x,Xsing )
2
)
. (1.8)
Moreover, as (1.7), integrating STrNe−
t
m
b,m(x, x) over X, we obtain an asymptotic expansion
non-trivial the fractional power in t
1
2 (see Theorem 5.1). It turns out that this is a non-trivial
generalization.
1.2. Main result. We now formulate the main results. We refer to Section 2 for some notations
and terminology used here.
Let (X,T 1,0X) be a compact connected strongly pseudoconvex CR manifold with a transversal
CR locally free S1 action eiθ (see Definition 2.1), where T 1,0X is a CR structure of X. Let
T ∈ C∞(X,TX) be the real vector field induced by the S1 action and let ω0 ∈ C∞(X,T ∗X) be
the global real one form determined by
〈ω0 , T 〉 = −1, 〈ω0 , u 〉 = 0, ∀u ∈ T 1,0X ⊕ T 0,1X. (1.9)
For x ∈ X, we say that the period of x is 2πℓ , ℓ ∈ N, if eiθ ◦ x 6= x, for every 0 < θ < 2πℓ and
ei
2π
ℓ ◦ x = x. For each ℓ ∈ N, put
Xℓ =
{
x ∈ X; the period of x is 2πℓ
}
(1.10)
and let p = min {ℓ ∈ N; Xℓ 6= ∅}. It is well-known that if X is connected, then Xp is an open
and dense subset of X (see Duistermaat-Heckman [7]). In this work, we assume that p = 1 and
we denote Xreg := Xp = X1. We call x ∈ Xreg a regular point of the S1 action. Let Xsing be
the complement of Xreg .
Let E be a rigid CR vector bundle over X (see Definition 2.4) and we take a rigid Hermitian
metric 〈 · | · 〉E on E (see Definition 2.5). Take a rigid Hermitian metric 〈 · | · 〉 on CTX such that
T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X), 〈T |T 〉 = 1 and let 〈 · | · 〉E be the Hermitian metric on
T ∗0,•X⊗E induced by the fixed Hermitian metrics on E and CTX. We denote by dvX = dvX(x)
the volume form on X induced by the Hermitian metric 〈 · | · 〉 on CTX. Then we get natural
global L2 inner product ( · | · )E on Ω0,•(X,E). We denote by L2(X,T ∗0,•X⊗E) the completion
of Ω0,•(X,E) with respect to ( · | · )E . For every u ∈ Ω0,•(X,E), we can define Tu ∈ Ω0,•(X,E)
and we have T∂b = ∂bT . For m ∈ Z, put
Ω0,•m (X,E) : =
{
u ∈ Ω0,•(X,E); Tu = imu}
=
{
u ∈ Ω0,•(X,E); (eiθ)∗u = eimθu, ∀θ ∈ [0, 2π[
}
,
where (eiθ)∗ denotes the pull-back map by eiθ (see (2.2)). For each m ∈ Z, we denote by
L2m(X,T
∗0,•X ⊗ E) the completion of Ω0,•m (X,E) with respect to ( · | · )E .
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Since T∂b = ∂bT , we have
∂b,m := ∂b : Ω
0,•
m (X,E)→ Ω0,•m (X,E).
We also write
∂
∗
b : Ω
0,•(X,E)→ Ω0,•(X,E)
to denote the formal adjoint of ∂b with respect to ( · | · )E . Since 〈 · | · 〉E and 〈 · | · 〉 are rigid, we
can check that
T∂
∗
b = ∂
∗
bT on Ω
0,•(X,E),
∂
∗
b,m := ∂
∗
b : Ω
0,•
m (X,E)→ Ω0,•m (X,E), ∀m ∈ Z.
(1.11)
Let b,m denote the m-th Kohn Laplacian given by
b,m := (∂b + ∂
∗
b)
2 : Ω0,•m (X,E)→ Ω0,•m (X,E). (1.12)
We extend b,m to L
2
m(X,T
∗0,•X ⊗ E) by
b,m : Domb,m ⊂ L2m(X,T ∗0,•X ⊗ E)→ L2m(X,T ∗0,•X ⊗ E) , (1.13)
where Domb,m := {u ∈ L2m(X,T ∗0,•X ⊗ E); b,mu ∈ L2m(X,T ∗0,•X ⊗ E)}, where for any
u ∈ L2m(X,T ∗0,•X ⊗ E), b,mu is defined in the sense of distribution. It is well-known that
b,m is self-adjoint, Specb,m is a discrete subset of [0,∞[ and for every ν ∈ Specb,m, ν is an
eigenvalue of b,m (see Section 3 in [5]). Let e
−tb,m and e−tb,m(x, y) ∈ C∞(X ×X, (T ∗0,•y X ⊗
Ey) ⊠ (T
∗0,•
x X ⊗ Ex)) be associated heat operator and heat kernel (see (3.4)). Let N be the
number operator on T ∗0,•X, i.e. N acts on T ∗0,qX by multiplication by q. By [5, Theorem 1.7],
we have the following asymptotic expansion:
STr[Ne−tb,m ] :=
∫
STr(Ne−tm)(x, x)dvX (x) ∼
∞∑
j=0
Bˆm,−n+ j
2
t−n+
j
2 as t→ 0+, (1.14)
where Bˆm,−n+ j
2
∈ C independent of t, for each j, and STr denotes the super trace (see the
discussion in the beginning of Section 4.2). We denote by Π⊥m : L
2
m(X,T
0,•X⊗E)→ (Kerb,m)⊥
the orthogonal projection. From (1.14), for Re(z) > n, we can define
θb,m(z) = −M
[
STr[Ne−tb,mΠ⊥m]
]
= − STr
[
N(b,m)
−zΠ⊥m
]
(1.15)
and θb,m(z) extends to a meromorphic function on C with poles contained in the set{
ℓ− j
2
; ℓ, j ∈ Z
}
,
its possible poles are simple, and θb,m(z) is holomorphic at 0 (see Lemma 4.4), whereM denotes
the Mellin transformation (see Definition 4.1). The m-th Fourier component of the analytic
torsion for the vector bundle E over X is given by exp(−12θ′b,m(0)) (see Definition 4.5).
We denote by R˙ = R˙(x) the Hermitian matrix R˙(x) ∈ End(T 1,0x X) such that for V,W ∈
T 1,0x X,
idω0(x)(V,W ) = 〈 R˙(x)V |W 〉. (1.16)
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Let det R˙(x) = λ1(x) · · · λn(x), where λ1(x), . . . , λn(x) are eigenvalues of R˙(x).
Our main result is the following
Theorem 1.1. With the notations and assumptions above, as m→ +∞, we have
θ′b,m(0) =
rk(E)
4π
∫
X
log
(
det
(
mR˙
2π
))
e−m
dω0
2π ∧ (−ω0) + o(mn). (1.17)
Note that the proof of Theorem 1.1 is based on Theorem 3.1, Theorem 3.7 and Theorem 5.1
which are the main technical results of this paper.
This paper is organized as follows. In Section 2, we collect some notations, definitions and
terminology we use throughout. In Section 3, we study the asymptotic behavior of the heat
kernel e−
t
m
b,m(x, x) when m → +∞ as well as when t → 0+. In Section 4, we introduce the
m-th Fourier component of the analytic torsion for the CR manifolds with a transversal CR
S1-action. In Section 5, we establish the asymptotic formula for the m-th Fourier component of
the analytic torsion.
2. Preliminaries
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 = N∪{0},
R is the set of real numbers, R+ := {x ∈ R; x > 0}, R+ := {x ∈ R; x ≥ 0}. For a multiindex
α = (α1, . . . , αn) ∈ Nn0 we set |α| = α1 + · · ·+ αn. For x = (x1, . . . , xn) we write
xα = xα11 . . . x
αn
n , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1 . . . ∂
αn
xn =
∂|α|
∂xα
.
Let z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n, be coordinates of C
n. We write
zα = zα11 . . . z
αn
n , z
α = zα11 . . . z
αn
n ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1 . . . ∂
αn
zn =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
.
Let X be a C∞ orientable paracompact manifold. We let TX and T ∗X denote the tangent
bundle of X and the cotangent bundle of X respectively. The complexified tangent bundle of X
and the complexified cotangent bundle ofX will be denoted by CTX and CT ∗X respectively. We
write 〈 · , · 〉 to denote the pointwise duality between T ∗X and TX. We extend 〈 · , · 〉 bilinearly
to CT ∗X × CTX. For u ∈ CT ∗X, v ∈ CTX, we also write u(v) := 〈u , v 〉.
Let E be a C∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by Ex. Let
F be another vector bundle over X. We write E ⊠ F to denote the vector bundle over X ×X
with fiber over (x, y) ∈ X ×X consisting of the linear maps from Ex to Fy.
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D′(Y,E) respectively. Let E′(Y,E)
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be the subspace of D′(Y,E) whose elements have compact support in Y . For m ∈ R, we let
Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . Put
Hmloc (Y,E) =
{
u ∈ D′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E′(Y,E) .
2.2. Set up and terminology. Let (X,T 1,0X) be a compact CR manifold of dimension 2n+1,
n ≥ 1, where T 1,0X is a CR structure of X. That is T 1,0X is a subbundle of rank n of the
complexified tangent bundle CTX, satisfying T 1,0X ∩ T 0,1X = {0}, where T 0,1X = T 1,0X, and
[V,V] ⊂ V, where V = C∞(X,T 1,0X). We assume that X admits a S1 action: S1×X → X. We
write eiθ to denote the S1 action. Let T ∈ C∞(X,TX) be the global real vector field induced
by the S1 action given by (Tu)(x) = ∂∂θ
(
u(eiθ ◦ x)) |θ=0, u ∈ C∞(X).
Definition 2.1. We say that the S1 action eiθ is CR if [T,C∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X)
and the S1 action is transversal if for each x ∈ X, CT (x)⊕T 1,0x X ⊕T 0,1x X = CTxX. Moreover,
we say that the S1 action is locally free if T 6= 0 everywhere.
We assume throughout that (X,T 1,0X) is a compact connected CR manifold with a transver-
sal CR locally free S1 action eiθ and we let T be the global vector field induced by the S1
action. Let ω0 ∈ C∞(X,T ∗X) be the global real one form determined by 〈ω0 , u 〉 = 0, for
every u ∈ T 1,0X ⊕ T 0,1X and 〈ω0 , T 〉 = −1. Assume X = Xp1
⋃
Xp2
⋃ · · ·⋃Xpk (see (1.10)),
p =: p1 < p2 < · · · < pk. In this work, we assume that p1 = 1 and we denote Xreg := Xp1 = X1.
Definition 2.2. For p ∈ X, the Levi form Lp is the Hermitian quadratic form on T 1,0p X given
by Lp(U, V ) = − 12i〈 dω0(p) , U ∧ V 〉, U, V ∈ T 1,0p X.
If the Levi form Lp is positive definite, we say that X is strongly pseudoconvex at p. If the
Levi form is positive definite at every point of X, we say that X is strongly pseudoconvex. We
assume throughout that (X,T 1,0X) is strongly pseudoconvex.
Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X respectively. Define the
vector bundle of (0, q) forms by T ∗0,qX = Λq(T ∗0,1X). Put T ∗0,•X := ⊕j∈{0,1,...,n}T ∗0,jX. Let
D ⊂ X be an open subset. Let Ω0,q(D) denote the space of smooth sections of T ∗0,qX over D
and let Ω0,q0 (D) be the subspace of Ω
0,q(D) whose elements have compact support in D. Put
Ω0,•(D) := ⊕j∈{0,1,...,n}Ω0,j(D),
Ω0,•0 (D) := ⊕j∈{0,1,...,n}Ω0,j0 (D).
Similarly, if E is a vector bundle over D, then we let Ω0,q(D,E) denote the space of smooth
sections of T ∗0,qX ⊗E over D and let Ω0,q0 (D,E) be the subspace of Ω0,q(D,E) whose elements
have compact support in D. Put
Ω0,•(D,E) := ⊕j∈{0,1,...,n}Ω0,j(D,E),
Ω0,•0 (D,E) := ⊕j∈{0,1,...,n}Ω0,j0 (D,E).
Fix θ0 ∈]− π, π[, θ0 small. Let
deiθ0 : CTxX → CTeiθ0xX
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denote the differential map of eiθ0 : X → X. By the CR property of the S1 action, we can check
that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(2.1)
Let (eiθ0)∗ : Λr(CT ∗X) → Λr(CT ∗X) be the pull-back map by eiθ0 , r = 0, 1, . . . , 2n + 1. From
(2.1), it is easy to see that for every q = 0, 1, . . . , n,
(eiθ0)∗ : T ∗0,q
eiθ0x
X → T ∗0,qx X. (2.2)
Let u ∈ Ω0,q(X). Define
Tu :=
∂
∂θ
(
(eiθ)∗u
)|θ=0 ∈ Ω0,q(X). (2.3)
(See also (3.16).) For every θ ∈ R and every u ∈ C∞(X,Λr(CT ∗X)), we write u(eiθ ◦ x) :=
(eiθ)∗u(x). It is clear that for every u ∈ C∞(X,Λr(CT ∗X)), we have
u(x) =
∑
m∈Z
1
2π
∫ π
−π
u(eiθ ◦ x)e−imθdθ. (2.4)
Let ∂b : Ω
0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. From the CR
property of the S1 action, it is straightforward to see that (see also (3.17))
T∂b = ∂bT on Ω
0,•(X).
Definition 2.3. Let D ⊂ U be an open set. We say that a function u ∈ C∞(D) is rigid if
Tu = 0. We say that a function u ∈ C∞(X) is Cauchy-Riemann (CR for short) if ∂bu = 0. We
call u a rigid CR function if ∂bu = 0 and Tu = 0.
Definition 2.4. Let F be a complex vector bundle over X. We say that F is rigid (CR) if X
can be covered with open sets Uj with trivializing frames
{
f1j , f
2
j , . . . , f
r
j
}
, j = 1, 2, . . ., such that
the corresponding transition matrices are rigid (CR). The frames
{
f1j , f
2
j , . . . , f
r
j
}
, j = 1, 2, . . .,
are called rigid (CR) frames.
Definition 2.5. Let F be a complex rigid vector bundle over X and let 〈 · | · 〉F be a Hermitian
metric on F . We say that 〈 · | · 〉F is a rigid Hermitian metric if for every rigid local frames
f1, . . . , fr of F , we have T 〈 fj | fk 〉F = 0, for every j, k = 1, 2, . . . , r.
It is well-known that there is a rigid Hermitian metric on any rigid vector bundle F (see
Theorem 2.10 in [5] and Theorem 10.5 in [9]). Note that Baouendi-Rothschild-Treves [1] proved
that T 1,0X is a rigid complex vector bundle over X.
From now on, let E be a rigid CR vector bundle over X and we take a rigid Hermitian
metric 〈 · | · 〉E on E and take a rigid Hermitian metric 〈 · | · 〉 on CTX such that T 1,0X ⊥
T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X), 〈T |T 〉 = 1. The Hermitian metrics on E and CTX induce
Hermitian metrics 〈 · | · 〉 and 〈 · | · 〉E on T ∗0,•X and T ∗0,•X ⊗ E respectively. Let A(x, y) ∈
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(T ∗,•y X ⊗Ey)⊠ (T ∗,•x X ⊗Ex). We write |A(x, y)| to denote the natural matrix norm of A(x, y)
induced by 〈 · | · 〉E . We denote by dvX = dvX(x) the volume form on X induced by the fixed
Hermitian metric 〈 · | · 〉 on CTX. Then we get natural global L2 inner products ( · | · )E , ( · | · ) on
Ω0,•(X,E) and Ω0,•(X) respectively. We denote by L2(X,T ∗0,qX ⊗ E) and L2(X,T ∗0,qX) the
completions of Ω0,q(X,E) and Ω0,q(X) with respect to ( · | · )E and ( · | · ) respectively. Similarly,
we denote by L2(X,T ∗0,•X ⊗E) and L2(X,T ∗0,•X) the completions of Ω0,•(X,E) and Ω0,•(X)
with respect to ( · | · )E and ( · | · ) respectively. We extend ( · | · )E and ( · | · ) to L2(X,T ∗0,•X⊗E)
and L2(X,T ∗0,•X) in the standard way respectively. For f ∈ L2(X,T ∗0,•X ⊗ E), we denote
‖f‖2E := ( f | f )E . Similarly, for f ∈ L2(X,T ∗0,•X), we denote ‖f‖2 := ( f | f ).
We also write ∂b to denote the tangential Cauchy-Riemann operator acting on forms with
values in E:
∂b : Ω
0,•(X,E)→ Ω0,•(X,E).
Since E is rigid, we can also define Tu for every u ∈ Ω0,q(X,E) and we have
T∂b = ∂bT on Ω
0,•(X,E). (2.5)
For every m ∈ Z, let
Ω0,qm (X,E) :=
{
u ∈ Ω0,q(X,E); Tu = imu} , q = 0, 1, 2, . . . , n,
Ω0,•m (X,E) :=
{
u ∈ Ω0,•(X,E); Tu = imu} . (2.6)
For each m ∈ Z, we denote by L2m(X,T ∗0,qX ⊗ E) and L2m(X,T ∗0,qX) the completions of
Ω0,qm (X,E) and Ω
0,q
m (X) with respect to ( · | · )E and ( · | · ) respectively. Similarly, we denote by
L2m(X,T
∗0,•X⊗E) and L2m(X,T ∗0,•X) the completions of Ω0,•m (X,E) and Ω0,•m (X) with respect
to ( · | · )E and ( · | · ) respectively.
3. Asymptotic expansion of heat kernels
3.1. Heat kernels of the Kohn Laplacians. Since T∂b = ∂bT , we have
∂b,m := ∂b : Ω
0,•
m (X,E)→ Ω0,•m (X,E), ∀m ∈ Z.
We also write
∂
∗
b : Ω
0,•(X,E)→ Ω0,•(X,E)
to denote the formal adjoint of ∂b with respect to ( · | · )E . Since 〈 · | · 〉E and 〈 · | · 〉 are rigid, we
can check that
T∂
∗
b = ∂
∗
bT on Ω
0,•(X,E),
∂
∗
b,m := ∂
∗
b : Ω
0,•
m (X,E)→ Ω0,•m (X,E), ∀m ∈ Z.
(3.1)
Now, we fix m ∈ Z. The m-th Fourier component of Kohn Laplacian is given by
b,m := (∂b,m + ∂
∗
b,m)
2 : Ω0,•m (X,E)→ Ω0,•m (X,E). (3.2)
We extend b,m to L
2
m(X,T
∗0,•X ⊗ E) by
b,m : Domb,m ⊂ L2m(X,T ∗0,•X ⊗ E)→ L2m(X,T ∗0,•X ⊗ E) , (3.3)
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where Domb,m := {u ∈ L2m(X,T ∗0,•X ⊗ E); b,mu ∈ L2m(X,T ∗0,•X ⊗ E)}, where for any
u ∈ L2m(X,T ∗0,•X ⊗ E), b,mu is defined in the sense of distribution. It is well-known that
b,m is self-adjoint, Specb,m is a discrete subset of [0,∞[ and for every ν ∈ Specb,m, ν is
an eigenvalue of b,m (see Section 3 in [5]). For every ν ∈ Specb,m, let
{
f ν1 , . . . , f
ν
dν
}
be an
orthonormal frame for the eigenspace of b,m with eigenvalue ν. The heat kernel e
−tb,m(x, y)
is given by
e−tb,m(x, y) =
∑
ν∈Specb,m
dν∑
j=1
e−νtf νj (x)⊗ (f νj (y))†, (3.4)
where f νj (x)⊗ (f νj (y))† denotes the linear map:
f νj (x)⊗ (f νj (y))† : T ∗0,•y X ⊗ Ey → T ∗0,•x X ⊗Ex,
u(y) ∈ T ∗0,•y X ⊗ Ey → f νj (x)〈u(y) | f νj (y) 〉E ∈ T ∗0,•x X ⊗Ex.
Let e−tb,m : L2(X,T ∗0,•X ⊗ E)→ L2m(X,T ∗0,•X ⊗ E) be the continuous operator with distri-
bution kernel e−tb,m(x, y).
We denote by R˙ the Hermitian matrix R˙ ∈ End(T 1,0X) such that for V,W ∈ T 1,0X,
idω0(V,W ) = 〈 R˙V |W 〉. (3.5)
Let {ωj}nj=1 be a local orthonormal frame of T 1,0X with dual frame {ωj}nj=1. Set
γd = −i
n∑
l,j=1
dω0(ωj, ωl)ω
l ∧ ιωj , (3.6)
where ιωj denotes the interior product of ωj. Then γd ∈ End(T ∗0,•X) and −idω0 acts as the
derivative γd on T
∗0,•X. If we choose {ωj}nj=1 to be an orthonormal basis of T 1,0X such that
R˙(x) = diag(a1(x), · · · , an(x)) ∈ End(T 1,0x X), (3.7)
then
γd(x) = −
n∑
j=1
aj(x)ω
j ∧ ιωj . (3.8)
Define det R˙(x) := a1(x) · · · an(x).
We pause and introduce some notations. Let F be a vector bundle over a smooth manifold M
and let H(x,m), G(x,m) ∈ C∞(M,F ) be m-dependent smooth functions. We write H(x,m) =
G(x,m) + o(mp) in Cℓ(M,F ) locally uniformly on M , where p ∈ R, ℓ ∈ N0, if for any compact
subset K ⋐ M and every ǫ > 0, there is a m0 > 0 independent of m such that for all m ≥ m0
and for all x ∈ K, we have
|H(x,m)−G(x,m)|Cℓ(K,F ) ≤ ǫmp. (3.9)
When M is compact, we omit locally.
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Similarly, we write H(x,m) = G(x,m) +O(mp) in Cℓ(M,F ) locally uniformly on M , where
p ∈ R, ℓ ∈ N0, if for any compact subset K ⋐M , there are m0 > 0 and CK > 0 independent of
m such that for all m ≥ m0 and for all x ∈ K, we have
|H(x,m) −G(x,m)|Cℓ(K,F ) ≤ CKmp. (3.10)
When M is compact, we omit locally.
Let B(t, x) ∈ C∞(R+ × M,F ). We write B(t, x) =
∑k
j=−pBj(x)t
j + O(tk1) in Cℓ(M,F )
locally uniformly on M , where k, k1, p ∈ Z and Bj(x) ∈ C∞(M,F ), j = −p,−p+1, . . . , k, if for
any compact subset K ⋐M , there are constants CK > 0 and ε > 0 independent of t such that
|B(t, x)−
k∑
j=−p
Bj(x)t
j |Cℓ(K,F ) ≤ CKtk1 , ∀0 < t < ε. (3.11)
When M is compact, we omit locally.
We return to our situation. Let Aℓ ∈ C∞(X,End(T ∗0,•X)), ℓ = −n,−n+1, . . ., such that for
every k ∈ Z,
(2π)−n−1
det(R˙) exp(tγd)
det(1− exp(−tR˙)) (x) =
k∑
ℓ=−n
Aℓ(x)t
ℓ +O(tk+1) (3.12)
in C0(X,End(T ∗0,•X)) uniformly on X.
Fix x, y ∈ X. Let d(x, y) denote the standard Riemannian distance of x and y with respect
to the given Hermitian metric. Put d(x,Xsing ) := inf {d(x, y); y ∈ Xsing }.
The first goal of this section is to prove the following
Theorem 3.1. With the notations used above, fix I ⋐ R+. For every ǫ > 0, there are m0 > 0,
ε0 > 0 and C > 0 such that for all m ≥ m0, we have∣∣∣e− tmb,m(x, x)− (2π)−n−1 det(R˙) exp(tγd)
det(1− exp(−tR˙)) (x)⊗ IdEx m
n
∣∣∣
≤ ǫmn + Cmne−ε0md(x,Xsing )2 , ∀(t, x) ∈ I ×Xreg .
(3.13)
Here we use the convention that if an eigenvalue aj(x) of R˙(x) is zero, then its contribution for
det(R˙)
det(1−exp(−tR˙))
(x) is 1t (see (3.7)).
3.2. BRT trivializations. To prove Theorem 3.1, we need some preparations. We first need
the following result due to Baouendi-Rothschild-Treves [1].
Theorem 3.2. For every point x0 ∈ X, we can find local coordinates x = (x1, · · · , x2n+1) =
(z, θ) = (z1, · · · , zn, θ), zj = x2j−1 + ix2j , j = 1, · · · , n, x2n+1 = θ, defined in some small
neighborhood D = {(z, θ) : |z| < δ,−ε0 < θ < ε0} of x0, δ > 0, 0 < ε0 < π, such that
(z(x0), θ(x0)) = (0, 0) and
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
, j = 1, · · · , n
(3.14)
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where Zj(x), j = 1, · · · , n, form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R)
independent of θ. We call (D, (z, θ), ϕ) BRT trivialization.
By using BRT trivialization, we get another way to define Tu,∀u ∈ Ω0,q(X). Let (D, (z, θ), ϕ)
be a BRT trivialization. It is clear that
{dzj1 ∧ · · · ∧ dzjq , 1 ≤ j1 < · · · < jq ≤ n}
is a basis for T ∗0,qx X, for every x ∈ D. Let u ∈ Ω0,q(X). On D, we write
u =
∑
1≤j1<···<jq≤n
uj1···jqdzj1 ∧ · · · ∧ dzjq . (3.15)
Then on D we can check that
Tu =
∑
1≤j1<···<jq≤n
(Tuj1···jq)dzj1 ∧ · · · ∧ dzjq (3.16)
and Tu is independent of the choice of BRT trivializations. Note that on BRT trivialization
(D, (z, θ), ϕ), we have
∂b =
n∑
j=1
dzj ∧ ( ∂
∂zj
− i ∂ϕ
∂zj
(z)
∂
∂θ
). (3.17)
3.3. Local heat kernels on BRT trivializations. Until further notice, we fix m ∈ Z. Let
B := (D, (z, θ), ϕ) be a BRT trivialization. We may assume that D = U×]− ε, ε[, where ε > 0
and U is an open set of Cn. Since E is rigid, we can consider E as a holomorphic vector bundle
over U . We may assume that E is trivial on U . Consider L → U be a trivial line bundle with
non-trivial Hermitian fiber metric |1|2
hL
= e−2ϕ. Let (Lm, hL
m
) → U be the m-th power of
(L, hL). Let Ω0,q(U,E ⊗ Lm) and Ω0,q(U,E) be the spaces of (0, q) forms on U with values in
E ⊗ Lm and E respectively, q = 0, 1, 2, . . . , n. Put
Ω0,•(U,E ⊗ Lm) := ⊕j∈{0,1,...,n}Ω0,j(U,E ⊗ Lm),
Ω0,•(U,E) := ⊕j∈{0,1,...,n}Ω0,j(U,E).
Since L is trivial, from now on, we identify Ω0,•(U,E) with Ω0,•(U,E ⊗ Lm). Since the Her-
mitian fiber metric 〈 · | · 〉E is rigid, we can consider 〈 · | · 〉E as a Hermitian fiber metric on the
holomorphic vector bundle E over U . Let 〈 · , · 〉 be the Hermitian metric on CTU given by
〈 ∂
∂zj
,
∂
∂zk
〉 = 〈 ∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
| ∂
∂zk
+ i
∂ϕ
∂zk
(z)
∂
∂θ
〉, j, k = 1, 2, . . . , n.
〈 · , · 〉 induces a Hermitian metric on T ∗0,•U := ⊕nj=0T ∗0,jU , where T ∗0,jU is the bundle of (0, j)
forms on U , j = 0, 1, . . . , n. We shall also denote the Hermitian metric by 〈 · , · 〉. The Hermitian
metric on T ∗0,•U and E induce a Hermitian metric on T ∗0,•U ⊗ E. We shall also denote this
induced metric by 〈 · | · 〉E . Let ( · , · ) be the L2 inner product on Ω0,•(U,E) induced by 〈 · , · 〉,
〈 · | · 〉E . Similarly, let ( · , · )m be the L2 inner product on Ω0,•(U,E ⊗ Lm) induced by 〈 · , · 〉,
〈 · | · 〉E and hLm .
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The curvature of L induced by hL is given by RL := 2∂∂ϕ. Let R˙L ∈ End(T 1,0U) be the
Hermitian matrix given by
RL(W,Y ) = 〈 R˙LW , Y 〉, W, Y ∈ T 1,0U.
Let {wj}nj=1 be a local orthonormal frame of T 1,0U with dual frame {wj}nj=1. Set
ωd = −
∑
l,j
RL(wj , wl)w
l ∧ ιwj , (3.18)
where ιwj denotes the interior product of wj. Let Aℓ ∈ C∞(U,End(T ∗0,•U)), ℓ = −n,−n+1, . . .,
such that for every k ∈ Z,
(2π)−n
det(R˙L) exp(tωd)
det(1− exp(−tR˙L)) (z) =
k∑
ℓ=−n
Aℓ(z)tℓ +O(tk+1) (3.19)
in C0(U,End(T ∗0,•U)) locally uniformly on U . Let
π : D → U,
(z, θ)→ z
be the natural projection. It is straightforward to check that
(2π)−n
det(R˙L) exp(tωd)
det(1− exp(−tR˙L))(π(x)) ⊗ IdEπ(x) = (2π)
−n det(R˙) exp(tγd)
det(1− exp(−tR˙)) (x)⊗ IdEx , ∀x ∈ D.
(3.20)
From (3.12), (3.19) and (3.20), it is easy to see that
Aℓ(π(x)) = (2π)Aℓ(x), ∀x ∈ D, ℓ = −n,−n+ 1, . . . . (3.21)
Let
∂ : Ω0,•(U,E ⊗ Lm)→ Ω0,•(U,E ⊗ Lm)
be the Cauchy-Riemann operator and let
∂
∗,m
: Ω0,•(U,E ⊗ Lm)→ Ω0,•(U,E ⊗ Lm)
be the formal adjoint of ∂ with respect to ( · , · )m. Put
B,m := (∂ + ∂
∗,m
)2 : Ω0,•(U,E ⊗ Lm)→ Ω0,•(U,E ⊗ Lm). (3.22)
We need the following result which is well-known (see Lemma 5.1 in [5])
Lemma 3.3. Let u ∈ Ω0,•m (X,E). On D, we write u(z, θ) = eimθu˜(z), u˜(z) ∈ Ω0,•(U,E). Then,
e−mϕB,m(e
mϕu˜) = e−imθb,m(u). (3.23)
Let z, w ∈ U and let T (z, w) ∈ (T ∗0,•w U ⊗ Ew) ⊠ (T ∗0,•z U ⊗ Ez). We write |T (z, w)| to
denote the standard pointwise matrix norm of T (z, w) induced by 〈 · | · 〉E . Let Ω0,•0 (U,E) be
the subspace of Ω0,•(U,E) whose elements have compact support in U . Let dvU be the volume
form on U induced by 〈 · , · 〉. Assume T (z, w) ∈ C∞(U × U, (T ∗0,•w U ⊗ Ew) ⊠ (T ∗0,•z U ⊗ Ez)).
Let u ∈ Ω0,•0 (U,E). We define the integral
∫
T (z, w)u(w)dvU (w) in the standard way. Let
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G(t, z, w) ∈ C∞(R+ × U × U, (T ∗0,•w U ⊗ Ew) ⊠ (T ∗0,•z U ⊗ Ez)). We write G(t) to denote the
continuous operator
G(t) : Ω0,•0 (U,E)→ Ω0,•(U,E),
u→
∫
G(t, z, w)u(w)dvU (w)
and we write G′(t) to denote the continuous operator
G′(t) : Ω0,•0 (U,E)→ Ω0,•(U,E),
u→
∫
∂G(t, z, w)
∂t
u(w)dvU (w).
We consider the heat operator of B,m. By using the standard Dirichlet heat kernel con-
struction (see [8]) and the proofs of Theorem 1.6.1 and Theorem 5.5.9 in [14], we deduce the
following
Theorem 3.4. There is AB,m(t, z, w) ∈ C∞(R+ ×U ×U, (T ∗0,•w U ⊗Ew)⊠ (T ∗0,•z U ⊗Ez)) such
that
limt→0+AB,m(t) = I in D
′(U, T ∗0,•U ⊗ E),
A′B,m(t)u+
1
m
AB,m(t)(B,mu) = 0, ∀u ∈ Ω0,•0 (U,E), ∀t > 0,
(3.24)
and AB,m(t, z, w) satisfies the following:
(I) For every compact set K ⋐ U , α1, α2, β1, β2 ∈ Nn0 , there are constants Cα1,α2,β1,β2,K > 0
and ε0 > 0 independent of t and m such that
|∂α1z ∂α2z ∂β1w ∂β2w
(
AB,m(t, z, w)e
m(ϕ(w)−ϕ(z))
)
|
≤ Cα1,α2,β1,β2,K(
m
t
)n+|α1|+|α2|+|β1|+|β2|e−mε0
|z−w|2
t , ∀(t, z, w) ∈ R+ ×K ×K.
(3.25)
(II) AB,m(t, z, z) admits an asymptotic expansion:
AB,m(t, z, z) = (2π)
−n det(R˙
L) exp(tωd)
det(1− exp(−tR˙L)) (z)⊗ IdEz ⊗m
n + o(mn) (3.26)
in Cℓ(U,End(T ∗0,•U)⊗E) locally uniformly on R+ ×U , for every ℓ ∈ N. Here we use the con-
vention that if an eigenvalue aj(z) of R˙
L(z) is zero, then its contribution for det(R˙
L)
det(1−exp(−tR˙L))
(z)
is 1t .
(III) There exist ABm,ℓ(z, w) ∈ C∞(U × U, (T ∗0,•w U ⊗ Ew)⊠ (T ∗0,•z U ⊗ Ez)) with
ABm,ℓ(z, z) = Aℓ(z)⊗ IdE +O(m−1/2) (3.27)
in C0(U,End(T ∗0,•U)⊗ E) locally uniformly on U and
em(ϕ(w)−ϕ(z))ABm,ℓ(z, w) = O(m0) (3.28)
in Ck(U×U, (T ∗0,•U⊗E)⊠(T ∗0,•U⊗E)) locally uniformly on U×U , ∀k ∈ N0, ℓ = −n,−n+1, . . .,
where Aℓ is as in (3.19), such that for any k ∈ N and every compact set K ⋐ U , there exists
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C > 0 independent of t and m such that for any t ∈]0, 1],m ∈ N∗, we have the asymptotic
expansion∣∣∣m−nem(ϕ(w)−ϕ(z))AB,m(t, z, w) − e−mh(z,w)t em(ϕ(w)−ϕ(z)) k∑
ℓ=−n
ABm,ℓ(z, w)tℓ
∣∣∣
≤ Ctk, ∀(z, w) ∈ K ×K,
(3.29)
where h(z, w) ∈ C∞(U × U) and for every compact set K ⋐ U , there is a constant C > 1 such
that 1C |z −w|2 ≤ h(z, w) ≤ C|z −w|2, for all (z, w) ∈ K ×K.
Assume that X = D1
⋃
D2
⋃ · · ·⋃DN , where Bj := (Dj , (z, θ), ϕj) is a BRT trivialization,
for each j. We may assume that for each j, Dj = Uj×] − 2δj , 2δ˜j [⊂ Cn × R, δj > 0, δ˜j > 0,
Uj = {z ∈ Cn; |z| < γj}. For each j, put Dˆj = Uˆj×] − δj2 ,
δ˜j
2 [, where Uˆj =
{
z ∈ Cn; |z| < γj2
}
.
We may suppose that X = Dˆ1
⋃
Dˆ2
⋃ · · ·⋃ DˆN . Let χj ∈ C∞0 (Dˆj), j = 1, 2, . . . , N , with∑N
j=1 χj = 1 on X. Fix j = 1, 2, . . . , N . Put
Kj =
{
z ∈ Uˆj ; there is a θ ∈]− δj2 ,
δ˜j
2 [ such that χj(z, θ) 6= 0
}
.
Let τj(z) ∈ C∞0 (Uˆj) with τj ≡ 1 on some neighborhood Wj of Kj . Let σj ∈ C∞0 (]− δj2 ,
δ˜j
2 [) with∫
σj(θ)dθ = 1. Let ABj ,m(t, z, w) ∈ C∞(R+ × Uj × Uj , (T ∗0,•w Uj ⊗ Ew) ⊠ (T ∗0,•z Uj ⊗ Ez)) be as
in Theorem 3.4. Put
Hj,m(t, x, y) = χj(x)e
−mϕj (z)+imθABj ,m(t, z, w)e
mϕj (w)−imητj(w)σj(η), (3.30)
where x = (z, θ), y = (w, η) ∈ Cn × R. Let
Γm(t, x, y) :=
1
2π
N∑
j=1
∫ π
−π
Hj,m(t, x, e
iu ◦ y)eimudu. (3.31)
From Lemma 3.3, off-diagonal estimates of ABj ,m(t, x, y) (see (3.25) and (3.29)), we can repeat
the proof of Theorem 5.10 in [5] with minor change and deduce that
Theorem 3.5. For every ℓ ∈ N, ℓ ≥ 2, and every M > 0, there are ǫ0 > 0 and m0 > 0
independent of t and m such that for every m ≥ m0, we have∥∥∥e− tmb,m(x, y)− Γm(t, x, y)∥∥∥
Cℓ(X×X)
≤ e−mt ǫ0 , ∀t ∈ (0,M). (3.32)
3.4. Proof of Theorem 3.1. Let Bj := (Dj , (z, θ), ϕj), Dˆj , j = 1, . . . , N be as before. We
will use the same notations as before. For each j, we have Dj = Uj×] − 2δj , 2δ˜j [⊂ Cn × R,
Dˆj = Uˆj×]− δj2 ,
δ˜j
2 [⊂ Cn ×R, δj > 0, δ˜j > 0, Uj = {z ∈ Cn; |z| < γj}, Uˆj =
{
z ∈ Cn; |z| < γj2
}
.
Recall that X = Dˆ1
⋃ · · ·⋃ DˆN . We may assume that ζ = δj = δ˜j, j = 1, 2, . . . , N , and ζ > 0
satisfies
0 < ζ < inf
{
π
pk
, |2π
pr
− 2π
pr+1
|, r = 1, . . . , k − 1
}
. (3.33)
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It is straightforward to see that there is a εˆ0 > 0 such that for each j = 1, . . . , N , we have
εˆ0d((z1, θ1), (z2, θ1)) ≤ |z1 − z2| ≤ 1
εˆ0
d((z1, θ1), (z2, θ1)),∀(z1, θ1), (z2, θ1) ∈ Dˆj,
εˆ0d((z1, θ1), (z2, θ1))
2 ≤ hj(z1, z2) ≤ 1
εˆ0
d((z1, θ1), (z2, θ1))
2,∀(z1, θ1), (z2, θ1) ∈ Dˆj ,
(3.34)
where hj(z, w) is as in (3.29).
Fix x0 ∈ Xreg . Fix j = 1, 2, . . . , N . Assume that x0 ∈ Dˆj and suppose that x0 = (z0, 0) ∈ Dˆj .
Claim that there is a ε˜0 > 0 independent of x0 such that
if eiθ ◦ x0 = (z˜, η˜) ∈ Dˆj , for some θ ∈ [ζ, 2π − ζ],
then |z0 − z˜| ≥ ε˜0d(x0,Xsing ).
(3.35)
Proof of the claim. From (3.34), we have
|z˜ − z0| ≥ εˆ0 inf
{
d(eiu ◦ eiθ ◦ x0, x0); |u| ≤ ζ
2
}
≥ εˆ0 inf
{
d(eiθ ◦ x0, x0); ζ
2
≤ θ ≤ 2π − ζ
2
}
.
(3.36)
It is well-known that (see Theorem 6.5 in [5]) there is a constant C > 1 independent of x0 such
that
1
C
d(x0,Xsing ) ≤ inf
{
d(eiθ ◦ x0, x0); ζ
2
≤ θ ≤ 2π − ζ
2
}
≤ Cd(x0,Xsing ). (3.37)
From (3.37) and (3.36), the claim follows. 
From (3.34), (3.35) and (3.29), there are ε0 > 0 and C0 > 0 independent of j, x0, m, t such
that
| 1
2π
∫
u∈[ζ,2π−ζ]
Hj,m(t, x0, e
iu ◦ x0)eimudu| ≤ C0mnt−ne
−ε0md(x0,Xsing )2
t , ∀t ∈ R+, ∀m ∈ N.
(3.38)
Moreover, it is obvious that
1
2π
∫ ζ
−ζ
Hj,m(t, x0, e
iu ◦ x0)eimudu = 1
2π
χj(x0)ABj ,m(t, z0, z0). (3.39)
From (3.38), (3.39) and (3.26), we conclude that for every ε > 0 and every I ⋐ R+, there are
m0 > 0, ε0 > 0, C0 > 0 independent of x0, t, m such that
| 1
2π
∫ π
−π
Hj,m(t, x0, e
iu ◦ x0)eimudu− (2π)−n−1χj(x0) det(R˙
L) exp(tωd)
det(1− exp(−tR˙L)) (z0)⊗ IdEz0 ⊗m
n|
≤ εmn + C0mne−ε0md(x0,Xsing )2 ,
(3.40)
for every m ≥ m0 and every t ∈ I.
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From (3.40), (3.31) and (3.20), we deduce that for every ε > 0 and every I ⋐ R+, there are
constants m0 > 0, ε0 > 0 and C > 0 independent of x0, m such that
|Γ(t, x0, x0)− (2π)−n−1 det(R˙) exp(tγd)
det(1− exp(−tR˙)) (x0)⊗ IdEx0 ⊗m
n| ≤ εmn +Cmne−ε0md(x0,Xsing )2 ,
(3.41)
for all t ∈ I, m ≥ m0.
From (3.41), (3.32) and notice that the constants m0, C and ε0 are independent of x0, we get
(3.13).
3.5. Asymptotic expansion for the heat kernels of the Kohn Laplacians. Now, we can
prove
Theorem 3.6. There exist Am,ℓ(t, x) ∈ C∞(R+ ×X,End(T ∗0,•X ⊗ E)) with |Am,ℓ(t, x)| ≤ Cℓ,
for every (t, x) ∈ R+ ×X, where Cℓ > 0 is a constant independent of m, ℓ = −n,−n + 1, . . .,
such that for any k ∈ N, there exists C > 0 such that for any t ∈]0, 1],m ∈ N∗ and every x ∈ X,
we have the asymptotic expansion∣∣∣m−ne− tmb,m(x, x)− k∑
ℓ=−n
Am,ℓ(t, x)t
j
∣∣∣ ≤ Ctk, (3.42)
Moreover, for every ℓ = −n,−n+ 1, . . ., we can find Am,ℓ(x) ∈ C∞(X,End(T ∗0,•x X ⊗Ex)) with
Am,ℓ(x) = Aℓ(x)⊗ IdEx +O(m−1/2) (3.43)
in C0(X,End(T ∗0,•X)⊗E) uniformly on X such that there exist C > 0 and ε0 > 0 independent
of t and m such that for any t ∈]0, 1],m ∈ N∗, we have∣∣∣Am,ℓ(t, x)−Am,ℓ(x)∣∣∣ ≤ Ce− ε0md(x,Xsing )2t , ∀x ∈ Xreg, (3.44)
where Aℓ(x) ∈ C∞(X,End(T ∗0,•X)⊗ E), ℓ = −n,−n+ 1, . . ., are as in (3.12).
Proof. Let Bj := (Dj , (z, θ), ϕj), Dˆj , j = 1, . . . , N be as before. We will use the same notations
as before. Let σˆj ∈ C∞0 (] − δj , δ˜j [) such that σˆj = 1 on some neighbourhood of Suppσj and
σˆj(θ) = 1 if (z, θ) ∈ Suppχj. For each j = 1, 2, . . . , N , put
hˆj(x, y) = σˆj(θ)hj(z, w)σˆj(η) ∈ C∞0 (Dj), x = (z, θ), y = (w, η),
AˆBjm,ℓ(x, y) = χj(x)e−mϕj (z)+imθA
Bj
m,ℓ(z, w)e
mϕj (w)−imητj(w)σj(η), ℓ = −n,−n+ 1, . . . ,
(3.45)
where ABjm,ℓ is as in (3.27). Let
Am,ℓ(t, x, y) =
1
2π
N∑
j=1
∫ π
−π
e−m
hˆj (x,e
iu◦y)
t AˆBjm,ℓ(x, eiu ◦ y)eimudu, ℓ = −n,−n+ 1,−n+ 2, . . . ,
Am,ℓ(t, x) := Am,ℓ(t, x, x), ℓ = −n,−n+ 1,−n + 2, . . . .
(3.46)
From Theorem 3.5 and (3.29), it is easy to see that (3.42) holds.
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Put
Am,ℓ(x) :=
1
2π
N∑
j=1
χj(x)ABjm,ℓ(z, z), ℓ = −n,−n+ 1,−n+ 2, . . . . (3.47)
From (3.27) and (3.21), we have
Am,ℓ(x) = Aℓ(x)⊗ IdEx +O(m−1/2) (3.48)
in C0(X,End(T ∗0,•x X ⊗ Ex)) uniformly on X, where Aℓ(x) ∈ C∞(X,End(T ∗0,•x X ⊗ Ex)), ℓ =
−n,−n+ 1, . . ., are as in (3.12). Fix ℓ = −n,−n+ 1, . . . and fix x0 ∈ Xreg . As in the proof of
Theorem 3.1,, we have
Am,ℓ(t, x0) = Am,ℓ(x0) +
1
2π
N∑
j=1
∫
u∈[ζ,2π−ζ]
e−m
hˆj (x0,e
iu◦x0)
t AˆBjm,ℓ(x0, eiu ◦ x0)eimudu. (3.49)
From the property of hj(z, w), we can repeat the proof of Theorem 3.1 and conclude that for
every j = 1, 2, . . . , N , there exist C > 0 and ε0 > 0 independent of t, m and x0 such that for
any t ∈]0, 1],m ∈ N∗ and any u ∈ [ζ, 2π − ζ] with eiu ◦ x0 ∈ Dˆj , we have
|e−m
hˆj(x0,e
iu◦x0)
t | ≤ Ce−
ε0md(x0,Xsing )
2
t . (3.50)
From (3.50) and (3.49), the theorem follows. 
We pause and introduce some notations. Let g(t) ∈ C∞(R+). We write
g(t) ∼
∞∑
j=0
g−k+ j
2
t−k+
j
2 as t→ 0+,
where k ∈ N0, g−k+ j
2
∈ C, j = 0, 1, 2, . . ., if for any N ∈ N, there exist CN > 0 and δ > 0
independent of t such that
|g(t)−
N∑
j=0
g−k+ j
2
t−k+
j
2 | ≤ CN t−k+
N+1
2 , ∀t ∈]0, δ[. (3.51)
Let hm(t) ∈ C∞(R+) be m-dependent function. We write
hm(t) ∼
∞∑
j=0
hm,−k+ j
2
t−k+
j
2 as t→ 0+, uniformly in m,
where k ∈ N0, hm,−k+ j
2
∈ C, j = 0, 1, 2, . . ., if for any N ∈ N, there exist CN > 0, δ > 0
independent of t and m such that for all m ∈ N,
|hm(t)−
N∑
j=0
hm,−k+ j
2
t−k+
j
2 | ≤ CN t−k+
N+1
2 , ∀t ∈]0, δ[. (3.52)
For the proof of our main result, we need to know the asymptotic behavior of∫
X
Am,ℓ(t, x)dvX (x), ℓ = −n,−n+ 1, . . . .
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Our next goal in this section is to prove the following
Theorem 3.7. With the notations used in Theorem 3.6, fix ℓ = −n,−n + 1, . . .. We can find
a
j
2
m,ℓ ∈ R, j = 0, 1, 2, . . ., with
lim
m→∞
a0m,ℓ =
∫
X
Aℓ(x)⊗ IdEx dvX(x),
lim
m→∞
a
j
2
m,ℓ = 0, j = 1, 2, . . . ,
(3.53)
a
j
2
m,ℓ is independent of t, for each j, |a
j
2
m,ℓ| ≤ Cj, for every m ∈ N, where Cj > 0 is a constant
independent of m, j = 0, 1, 2, . . ., such that∫
X
Am,ℓ(t, x)dvX (x) ∼
∞∑
j=0
a
j
2
m,ℓt
j
2 as t→ 0+, uniformly in m. (3.54)
In particular,∫
X
m−ne−
t
m
b,m(x, x)dvX (x)
∼ t−nbm,−n + t−n+
1
2 bm,−n+ 1
2
+ t−n+1b−n+1 + t
−n+ 3
2 b−n+ 3
2
+ · · · as t→ 0+, uniformly in m,
(3.55)
where for each j = 0, 12 , 1, . . ., bm,−n+j ∈ C is independent of t and there is a constant Cˆj > 0
independent of m, such that |bm,−n+j| ≤ Cˆj, for every m ∈ N, and
lim
m→∞
bm,−n+ j
2
=
∫
X
A−n+ j
2
(x)⊗ IdEx dvX(x) if j is an even number,
lim
m→∞
bm,−n+ j
2
= 0, if j is an odd number.
(3.56)
Let Bj := (Dj , (z, θ), ϕj), Dˆj, j = 1, . . . , N be as before. We will use the same notations as
before. Let hˆj(x, y), AˆBjm,ℓ(x, y) be as in (3.45), ℓ = −n,−n+1, . . .. Now, we fix ℓ = −n,−n+1, . . .
and j = 1, 2, . . . , N .
Theorem 3.8. Fix ps, s = 2, 3, . . . , k, and x0 ∈ Dˆj . Assume that ei
2π
ps ◦ x0 ∈ Dˆj. Then, there
are a neighborhood Ω of x0 and ε > 0 such that for every g(x) ∈ C∞0 (Ω), we have∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(x)e−m
hˆj(x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du
∼ bm,0 + bm, 1
2
t
1
2 + bm,1t+ bm, 3
2
t
3
2 + · · · as t→ 0+, uniformly in m,
(3.57)
where bm,j ∈ C is independent of t and there is a constant Cˆj > 0 independent of m, such that
|bm,j | ≤ Cˆj , for every m ∈ N, and limm→∞ bm,j = 0, j = 0, 12 , 1, 32 , . . ..
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Proof. For simplicity, assume that x0 = (z0, 0). Suppose e
i 2π
ps ◦ x0 = (z˜0, θ˜). If z˜0 6= z0, then
there are a neighborhood Ω of x0 and ε > 0 such that e
iθ ◦ x = (z˜, θˆ) with |z˜ − z0| ≥ 12 |z0 − z˜0|,
for every x ∈ Ω and every θ ∈]2πps − ε, 2πps + ε[. From the property of hˆj(x, y) (see (3.29) and
(3.45)), it is straightforward to see that∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(x)e−m
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du = O((|
t
m
|)∞), (3.58)
for every g ∈ C∞0 (Ω). Thus, we may assume that ei
2π
ps ◦ x0 = (z0, θ˜0), |θ˜0| < ζ2 . It θ˜0 6= 0, then
e
i 2π
pℓ
−iθ˜0x0 = x0. Hence,
2π
ps
− θ˜0 = 2πpk , for some pk. But |θ˜0| <
ζ
2 and ζ satisfies (3.33), we get a
contradiction. Hence, θ˜0 = 0. Thus, e
i 2π
ps ◦ x0 = (z0, 0) = x0.
For every x in some small neighborhood of x0 and every θ ∈]2πps − ε, 2πps + ε[, where 0 < ε <
ζ
2
is a small constant, if x = (z, v) ∈ Dˆj , eiθ ◦ x = (z˜, v˜) ∈ Dˆj , we can check that
hj(z, z˜) = f(x)|z − z˜|2 = f(x) inf
{
|x− eiu+iθx|2; |u| ≤ ζ
2
}
, (3.59)
where hj is as in (3.29), f(x) is a positive continuous function. From (3.59), we can repeat the
proof of Theorem 6.5 in [5] with minor change and deduce that for every x ∈ Xreg and x in some
small neighborhood of x0 and every θ ∈]2πps − ε, 2πps + ε[, where 0 < ε <
ζ
2 is a small constant, we
have
hj(z, z˜) = f1(x)d(x,Xpℓ)
2, (3.60)
where x = (z, v) ∈ Dˆj, eiθx = (z˜, v˜) ∈ Dˆj and f1(x) is a positive continuous function. We take
local coordinates y = (y1, . . . , y2n+1) defined in some small neighborhood Ωˆ ⋐ Dˆj of x0 such
that y(x0) = 0, Xps =
{
y ∈ Ωˆ; y1 = · · · = yr = 0
}
and
d(y,Xps)
2 = f2(y)(|y1|2 + · · ·+ |yr|2), ∀y ∈ Ωˆ, (3.61)
where f2(y) is a positive continuous function. Let Ω ⋐ Ωˆ be an open set of x0 and let 0 < ε <
ζ
2
be a small constant so that eiθ ◦ x ∈ Ωˆ, for every x ∈ Ω and every θ ∈]2πps − ε, 2πps + ε[. From
(3.60) and (3.61), for every g ∈ C∞0 (Ω), we have∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(x)e−m
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du
=
∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(x)e−m
f1(x)d(x,Xps )
2
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du
=
∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(y)e−m
f1(y)f2(y)(|y1|2+···+|yr|)2
t AˆBjm,ℓ(y, eiu ◦ y)eimudvX(y)du
∼ bm,0 + bm, 1
2
t
1
2 + b1t+ bm, 3
2
t
3
2 + · · · as t→ 0+, uniformly in m,
(3.62)
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where bm,j ∈ C is independent of t and there is a constant Cˆj > 0 independent of m, such that
|bm,j | ≤ Cˆj , for every m ∈ N, and limm→∞ bm,j = 0, j = 0, 12 , 1, 32 , . . .. From (3.58) and (3.62),
the theorem follows. 
Theorem 3.9. Let x0 ∈ Dˆj . Then, there is a neighborhood Ω of x0 such that for every g ∈
C∞0 (Ω), we have∫ 2π
0
∫
X
g(x)e−m
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du
∼ dm,0 + dm, 1
2
t
1
2 + dm,1t+ dm, 3
2
t
3
2 + · · · as t→ 0+, uniformly in m,
(3.63)
where dm,j ∈ C is independent of t and there is a constant Cˆj > 0 independent of m, such that
|dm,j | ≤ Cˆj, for every m ∈ N, and
lim
m→∞
dm,0 = lim
m→∞
∫
X
g(x)AˆBjm,ℓ(x, x)dvX (x)du,
lim
m→∞
dm,j = 0, j =
1
2
, 1,
3
2
, . . . .
(3.64)
Proof. From Theorem 3.8, we see that there are a neighborhood Ω of x0 and 0 < ε <
ζ
2 such
that for every g ∈ C∞0 (Ω) and every s = 2, 3, . . . , k, we have∫ 2π
ps
+ε
2π
ps
−ε
∫
X
g(x)e−m
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du
∼ bm,0,s + bm, 1
2
,st
1
2 + bm,1,st+ bm,s, 3
2
,ℓt
3
2 + · · · as t→ 0+, uniformly in m,
(3.65)
where bm,j,s ∈ C is independent of t and there is a constant Cˆj > 0 independent of m, such that
|bm,j,s| ≤ Cˆj, for every m ∈ N, and limm→∞ bm,j,s = 0, j = 0, 12 , 1, 32 , . . ..
It is obvious that for every g ∈ C∞0 (Ω),∫ ζ
2
− ζ
2
∫
X
g(x)e−
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du =
∫
g(x)tAˆBjm,ℓ(x, x)dvX (x). (3.66)
Note that when |u| ≤ ζ2 , the function e−
hˆj(x,e
iu◦x)
t is independent of t, for x ∈ Dˆj . Moreover, it
is not difficult to see that for every g ∈ C∞0 (Ω),∫
θ∈[ ζ
2
,2π− ζ
2
],θ /∈
⋃k
ℓ=2[
2π
pℓ
−ε, 2π
pℓ
+ε]
∫
X
g(x)e−
hˆj (x,e
iu◦x)
t AˆBjm,ℓ(x, eiu ◦ x)eimudvX(x)du = O((|
t
m
|)∞).
(3.67)
From (3.65), (3.66) and (3.67), the theorem follows. 
From Theorem 3.9 and by using partition of unity, we get Theorem 3.7.
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3.6. Spectral gap of 
(q)
b,m. Fix q = 0, 1, . . . , n. Let 
(q)
b,m : Dom
(q)
b,m ⊂ L2m(X,T ∗0,qX ⊗E)→
L2m(X,T
∗0,qX ⊗ E) be the restriction of b,m on (0, q) forms. In this work, we need
Theorem 3.10. Let µ
(q)
m be the lowest eigenvalue of 
(q)
b,m. There exist constants c1 > 0, c2 > 0
not depending on m such that for q ≥ 1 and m ∈ N,
µ(q)m ≥ c1m− c2. (3.68)
Proof. Fix q ∈ {1, 2, . . . , n}. If we go through Kohn’s L2 estimates (see [4, Theorem 8.4.2]),
we see that there is a constant C > 0 independent of m such that for all u ∈ Ω0,qm (X,E) with
i(Tu |u )E ≤ 0, we have
‖u‖E,1 ≤ C
(∥∥∥(q)b,mu∥∥∥
E
+ ‖u‖E
)
, (3.69)
where ‖·‖E,1 denotes the standard Sobolev norm of order 1. Now, we assume that m ∈ N. Then,
i(Tu |u )E = −m ‖u‖2E ≤ 0, for all u ∈ Ω0,qm (X,E). From this observation and (3.69), we get
m ‖u‖E = ‖Tu‖E ≤ ‖u‖E,1 ≤ C
(∥∥∥(q)b,mu∥∥∥
E
+ ‖u‖E
)
, (3.70)
for all u ∈ Ω0,qm (X,E). Let µ(q)m be the lowest eigenvalue of (q)b,m and let v ∈ Ω0,qm (X,E) be a
non-zero eigenfunction of 
(q)
b,m with eigenvalue µ
(q)
m . From (3.70), we have
m ‖v‖E ≤ C
(∥∥∥(q)b,mv∥∥∥
E
+ ‖v‖E
)
= C(µ(q)m + 1) ‖v‖E . (3.71)
Hence, µ
(q)
m ≥ mC − 1. The theorem follows. 
4. Analytic torsion on CR manifolds with S1-action
In this section we first study Mellin transformation, then we define the Fourier components of
the analytic torsion for the rigid CR vector bundle E over the CR manifold X with transversal
CR S1-action.
4.1. Mellin transformation. Let Γ(z) be the Gamma function on C. Then for Re z > 0, we
have
Γ(z) =
∫ ∞
0
e−ttz−1dt.
Γ(z)−1 is an entire function on C and
Γ(z)−1 = z +O(z2) near z = 0. (4.1)
We suppose that f(t) ∈ C∞(R+) verifies the following two conditions:
I.
f(t) ∼∑∞j=0 f−k+ j
2
t−k+
j
2 as t→ 0+, (4.2)
where k ∈ N0, f−k+ j
2
∈ C, j = 0, 1, 2, . . ..
II. For every δ > 0, there exist c > 0, C > 0 such that
|f(t)| ≤ Ce−ct, ∀t ≥ δ. (4.3)
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Definition 4.1. The Mellin transformation of f is the function defined for Re z > k,
M [f ](z) =
1
Γ(z)
∫ ∞
0
f(t)tz−1dt. (4.4)
We can repeat the proof of Lemma 5.5.2 in [14] and deduce the following
Theorem 4.2. M [f ] extends to a meromorphic function on C with poles contained in{
ℓ− j
2
; ℓ, j ∈ Z
}
,
and its possible poles are simple. Moreover, M [f ] is holomorphic at 0,
M [f ](0) = f0 (4.5)
and
∂M [f ]
∂z
(0) =
∫ 1
0
(f(t)−
2k∑
j=0
f−k+ j
2
t−k+
j
2 )
1
t
dt
+
∫ ∞
1
f(t)
1
t
dt+
2k−1∑
j=0
f−k+ j
2
j
2 − k
− Γ′(1)f0.
(4.6)
Proof. By (4.3), the function
∫∞
1 f(t)t
z−1dt is an entire function on z ∈ C. For any N ∈ N, we
have ∫ 1
0
f(t)tz−1dt
=
∫ 1
0
(f(t)−
N∑
j=0
f−k+ j
2
t−k+
j
2 )tz−1dt+
N∑
j=0
f−k+ j
2
∫ 1
0
t−k+
j
2
+z−1dt
=
∫ 1
0
(f(t)−
N∑
j=0
f−k+ j
2
t−k+
j
2 )tz−1dt+
N∑
j=0
f−k+ j
2
1
−k + j2 + z
.
(4.7)
From (4.2) and (4.3), we see that
∫ 1
0 (f(t)−
∑N
j=0 f−k+ j
2
t−k+
j
2 )tz−1dt is a holomorphic function
for Re z > k− N+12 +1. From this observation and (4.7), we conclude thatM [f ] can be extended
to a meromorphic function on C with poles contained in
{
ℓ− j2 ; ℓ, j ∈ Z
}
, and its possible poles
are simple.
From (4.1), we conclude that M [f ] is holomorphic at z = 0. Take N = 2k+2 in (4.7) and by
some direct computation, we get (4.5) and (4.6). 
4.2. Definition of the Fourier components of the analytic torsion. Let N be the number
operator on T ∗0,•X, i.e. N acts on T ∗0,qX by multiplication by q. Fix q = 0, 1, · · · , n and
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take a point x ∈ X. Let e1(x), · · · , ed(x) be an orthonormal frame of T ∗0,qx X ⊗ Ex. Let
A ∈ (T ∗0,•x X ⊗ Ex)⊠ (T ∗0,•x X ⊗ Ex). Put Tr(q)A :=
∑d
j=1〈Aej |ej〉E and set
TrA :=
n∑
j=0
Tr(j)A,
STrA :=
n∑
j=0
(−1)j Tr(j)A. (4.8)
Let A : C∞(X,T ∗0,•X ⊗ E)→ C∞(X,T ∗0,•X ⊗ E) be a continuous operator with distribution
kernel A(x, y) ∈ C∞(X ×X, (T ∗0,•y X ⊗ Ey)⊠ (T ∗0,•x X ⊗ Ex)). We set
Tr(q)[A] :=
∫
X
Tr(q)A(x, x)dvX (x)
and put
Tr[A] :=
n∑
j=0
Tr(j)[A],
STr[A] :=
n∑
j=0
(−1)j Tr(j)[A]. (4.9)
Let
Πm : L
2
m(X,T
∗0,•X ⊗ E)→ Kerb,m
be the orthogonal projection and let
Π⊥m : L
2
m(X,T
∗0,•X ⊗ E)→ (Kerb,m)⊥
be the orthogonal projection, where
(Kerb,m)
⊥ =
{
u ∈ L2m(X,T ∗0,•X ⊗E); (u | v )E = 0, ∀v ∈ Kerb,m
}
.
By [5, Theorem 1.7], we have the following asymptotic expansion:
STr[Ne−tb,m ] ∼
∞∑
j=0
Bˆm,−n+ j
2
t−n+
j
2 as t→ 0+, (4.10)
where Bˆm,−n+ j
2
∈ C is independent of t, j = 0, 1, 2, . . ..
Lemma 4.3. Fix q = 0, 1, . . . , n. For every δ > 0, there exist c > 0, C > 0 such that
|Tr(q)[e−tb,mΠ⊥m]| ≤ Ce−ct, ∀t ≥ δ. (4.11)
Proof. Let 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · be the non-zero eigenvalues of (q)b,m. For t > 0, we have
|Tr(q)[e−tb,mΠ⊥m]| = e−λ1t + e−λ2t + · · · . (4.12)
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Let δ > 0. From (4.12), for t ≥ δ, we have
|Tr(q)[e−tb,mΠ⊥m]| = e−λ1t + e−λ2t + · · ·
= e−λ1
t
2 (e−λ1
t
2 + e−λ2t+λ1
t
2 + e−λ3t+λ1
t
2 + · · · )
≤ e−λ1 t2 (e−λ1 t2 + e−λ2 t2 + e−λ3 t2 + · · · )
≤ e−λ1 t2 (e−λ1 δ2 + e−λ2 δ2 + e−λ3 δ2 + · · · )
= e−λ1
t
2 |Tr(q)[e− δ2b,mΠ⊥m]|.
(4.13)
From (4.13), the lemma follows. 
From (4.10) and Lemma 4.3, we see that STr[Ne−tb,mΠ⊥m] satisfies (4.2) and (4.3). By
Definition 4.1, for Re(z) > n, we can define
θb,m(z) = −M
[
STr[Ne−tb,mΠ⊥m]
]
= − STr
[
N(b,m)
−zΠ⊥m
]
. (4.14)
By Theorem 4.2, we have the following lemma.
Lemma 4.4. θb,m(z) extends to a meromorphic function on C with poles contained in the set{
ℓ− j
2
; ℓ, j ∈ Z
}
,
its possible poles are simple, and θb,m(z) is holomorphic at 0. Moreover,
θ′b,m(0) = −
∫ 1
0
STr [Ne−tb,m]−
2n∑
j=0
Bˆm,−n+ j
2
t−n+
j
2
 dtt
−
∫ ∞
1
STr
[
Ne−tb,mΠ⊥m
]dt
t
−
2n−1∑
j=0
Bˆm,−n+ j
2
1
j
2 − n
+ Γ′(1)(Bˆm,0 − STr[NΠm]).
(4.15)
Definition 4.5. Fix m ∈ Z. We define exp(−12θ′b,m(0)) the m-th Fourier component of the
analytic torsion for the rigid vector bundle E over the CR manifold X with transversal CR
S1-action.
5. The asymptotics of the analytic torsion
Recall that we work with the assumption that X is strongly pseudoconvex. We can repeat
the proof of Theorem 3.7 and deduce
Theorem 5.1. With the notations used before, we have
m−nSTr [Ne−
t
m
b,m ] ∼
∞∑
j=0
Bm,−n+ j
2
t−n+
j
2 as t→ 0+, uniformly in m, (5.1)
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where for each j = 0, 12 , 1, . . ., Bm,−n+j ∈ C is independent of t and there is a constant Cˆj > 0
independent of m, such that |Bm,−n+j| ≤ Cˆj, for every m ∈ N, and
lim
m→∞
Bm,−n+ j
2
= rk(E)
∫
X
NA−n+ j
2
(x)dvX , if j is an even number,
lim
m→∞
Bm,−n+ j
2
= 0, if j is an odd number,
(5.2)
where Aℓ(x) ∈ C∞(X,End (T ∗0,•X)⊗ E) is as in (3.12), ℓ = −n,−n+ 1, . . ..
5.1. Asymptotics of the analytic torsion. For x ∈ X, t > 0, we set
Rt(x) = det
(
R˙
2π
)
Tr
[
(Id− exp(tR˙))−1
]
. (5.3)
Let ω1(x), . . . , ωn(x) ∈ C∞(X,T ∗1,0X) be an orthonormal basis for T ∗1,0x X, for every x ∈ X.
Define Θ(x) := i
∑n
j=1 ω
j(x) ∧ ωj(x) ∈ C∞(X,T ∗1,1X). Then we have
dvX =
1
n!
Θn ∧ (−ω0), det
(
R˙
2π
)
dvX(x) =
1
n!
(
− 1
2π
dω0
)n
∧ (−ω0). (5.4)
By (5.3) and (5.4), for any k ∈ N, we have the following asymptotic expansion, for t→ 0,
Rt(x) =
k∑
ℓ=−n
Âℓ(x)t
l +O(tk+1), (5.5)
where
Âℓ = 0 for l ≤ −2, Â−1dvX = − 1
(n− 1)!
Θ
2π
∧
(
− 1
2π
dω0
)n−1
∧ (−ω0),
Â0 dvX =
n
2
1
n!
(
− 1
2π
dω0
)n
∧ (−ω0).
(5.6)
We need
Lemma 5.2. With the notations above, we have
(2π)−n
det(R˙) STrNetγd
det(1− exp(−tR˙)) (x) = Rt(x), ∀x ∈ X. (5.7)
Proof. Fix p ∈ X, let {ωj(x)}nj=1 to be an orthonormal basis of T 1,0x X such that
R˙(p) = diag(µ1, · · · , µn) ∈ End(T 1,0p X), (5.8)
then
γd(p) = −
n∑
j=1
µjω
j(p) ∧ ιωj (p),
det R˙(p) := µ1 · · ·µn.
(5.9)
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From (5.8) and (5.9), it is easy to check that
Rt(p) = µ1 · · ·µn
(2π)n
( 1
1− eµ1t + · · · +
1
1− eµnt
)
(5.10)
and
(2π)−n
det(R˙) STrNetγd
det(1− exp(−tR˙))(p)
=
µ1 · · ·µn
(2π)n
1
(1− e−µ1t) · · · (1− e−µnt)
n∑
q=0
(−1)qq
∑
J=(j1,...,jq),1≤j1<j2<···<jq≤n
e(−µj1−···−µjq )t
=
µ1 · · ·µn
(2π)n
e(µ1+···+µn)t
(1− eµ1t) · · · (1− eµnt)
n∑
q=0
(−1)n+qq
∑
J=(j1,...,jq),1≤j1<j2<···<jq≤n
e(−µj1−···−µjq )t.
(5.11)
Now,
e−(µ1+···+µn)t
n∑
j=1
(1− eµ1t) · · · (1− eµj−1t)(1 − eµj+1t) · · · (1− eµnt)
= e−(µ1+···+µn)t
n∑
j=1
n∑
q=0
(−1)q
∑
J=(j1,...,jq),1≤j1<···<jq≤n,j /∈J
e(µj1+···+µjq )t
=
n∑
j=1
n∑
q=0
(−1)n+q
∑
J=(j1,...,jq),1≤j1<···<jq≤n,j∈J
e(−µj1−···−µjq )t
=
n∑
q=0
(−1)n+qq
∑
J=(j1,...,jq),1≤j1<j2<···<jq≤n
e(−µj1−···−µjq )t.
(5.12)
From (5.12), (5.11) and (5.10), the lemma follows. 
Theorem 5.3. With the notations used in Theorem 5.1, we have
lim
m→∞
Bm,−n+ j
2
=
1
2π
rk(E)
∫
X
Â−n+ j
2
(x), for all j ≥ 0, j is even (5.13)
where Âℓ is as in (5.5).
Proof. By (3.12) and Lemma 5.2, we get
STrNAℓ(x) =
1
2π
Âℓ(x), ℓ = −n,−n+ 1, . . . . (5.14)
From (5.14) and (5.2), the theorem follows. 
Theorem 5.4. There exist C, c, c′ > 0 such that for any q ≥ 1, t ≥ 1,m ∈ N, we have
m−nTr(q)
[
e−
t
m
b,m
]
≤ C exp (−(c− c′/m)t) . (5.15)
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Proof. By Theorem 3.10, for t ≥ 1, q ≥ 1, we have
Tr(q)
[
e−
t
m
b,m
]
≤ Tr(q)
[
e−
1
m
b,m
]
exp
(
−(t− 1)
m
(c1m− c2)
)
. (5.16)
By (3.13), we know that m−nTr(q)
[
e−
1
m
b,m
]
has a finite limit as m→ +∞. By (5.16), we have
(5.15). 
The main result of this work is the following
Theorem 5.5. As m→ +∞, we have
θ′b,m(0) =
rk(E)
4π
∫
X
log
(
det
(
mR˙
2π
))
e−m
dω0
2π ∧ (−ω0) + o(mn), (5.17)
where R˙ ∈ End(T 1,0X) is defined in (3.5).
Proof. For m > 2c2c1 in Theorem 3.10, set
θ˜b,m(z) = −M
[
m−n STr
[
Ne−
t
m
b,mΠ⊥m
]]
(z). (5.18)
Clearly
m−nθb,m(z) = m
−zθ˜b,m(z). (5.19)
By Theorem 3.10, Theorem 4.2, Theorem 5.1, Theorem 5.3, (5.6) and (5.19), for m > 2c2c1 , we
have
m−nθ′b,m(0) = − log(m)θ˜b,m(0) + θ˜′b,m(0),
lim
m→∞
θ˜b,m(0) = − 1
2π
rk(E)
∫
X
Â0dvX = − 1
2π
rk(E)
n
2
1
n!
∫
X
(− 1
2π
dω0)
n ∧ (−ω0),
STr[NΠm] = 0.
(5.20)
By Theorem 5.1, Theorem 5.3, (4.15) and Lebesgue’s dominated convergence theorem, we get
lim
m→∞
θ˜′b,m(0) =− limm→∞
∫ 1
0
m−n STr [Ne− tmb,m]−
2n∑
j=0
Bm,−n+ j
2
t−n+
j
2
 dtt
− lim
m→∞
∫ ∞
1
{
m−n STr
[
Ne−
t
m
b,m
]} dt
t
− lim
m→∞
2n−1∑
j=0
Bm,−n+ j
2
1
j
2 − n
+ Γ′(1) lim
m→∞
Bm,0
= −
∫ 1
0
lim
m→∞
m−n STr [Ne− tmb,m]−
2n∑
j=0
Bm,−n+ j
2
t−n+
j
2
 dtt
−
∫ ∞
1
lim
m→∞
{
m−n STr
[
Ne−
t
m
b,m
]} dt
t
+
1
2π
rk(E)
∫
X
Â−1dvX +
1
2π
rk(E)Γ′(1)
∫
X
Â0dvX .
(5.21)
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By Theorem 3.1 and (5.7), for any t > 0,
lim
m→∞
m−n STr
[
Ne−
t
m
b,m(x, x)
]
=
1
2π
rk(E)Rt(x), (5.22)
and the convergence is uniform for x ∈ X and for t varying in compact subsets of ]0,∞[.
For z ∈ C set
ζ˜(z) = −M
[∫
X
Rt(x)dvX(x)
]
(z). (5.23)
By Theorem 5.3, Theorem 5.4, (5.21), (5.22), (5.23) and (4.6), we have
lim
m→∞
θ˜′b,m(0)
=− 1
2π
rk(E)
∫ 1
0
{∫
X
Rt(x)dvX (x)−
(
1
t
∫
X
Â−1dvX +
∫
X
Â0dvX
)}
dt
t
− 1
2π
rk(E)
∫ ∞
1
∫
X
Rt(x)dvX (x)dt
t
+
1
2π
rk(E)
∫
X
Â−1dvX +
1
2π
rk(E)Γ′(1)
∫
X
Â0dvX
=
1
2π
rk(E)ζ˜ ′(0).
(5.24)
Since R˙ ∈ End(T 1,0X) has positive eigenvalues, we can check that, for Re z > 1,
ζ˜(z) =
(∫
X
det
(
R˙
2π
)
Tr(R˙)−z(x)dvX (x)
)
1
Γ(z)
∫ ∞
0
tz−1
e−t
1− e−t dt. (5.25)
Let ζ(z) =
∑∞
k=1
1
nz be the Riemann zeta function. It is well known that, for Re z > 1,
ζ(z) =
1
Γ(z)
∫ ∞
0
tz−1
e−t
1− e−t dt. (5.26)
Moreover,
ζ(0) = −1
2
, ζ ′(0) = −1
2
log(2π). (5.27)
By (5.25), (5.26) and (5.27), we get
ζ˜ ′(0) =− ζ(0)
∫
X
det
(
R˙
2π
)
Tr
[
log R˙
]
dvX(x) + nζ
′(0)
∫
X
det
(
R˙
2π
)
dvX(x)
=
1
2
∫
X
det
(
R˙
2π
)
log
(
det
(
R˙
2π
))
dvX(x).
(5.28)
By (5.20), (5.24), (5.28) and (5.4), we get (5.17). 
Let’s come back to complex geometry case. Let M be a compact complex manifold of di-
mension n and let G be a holomorphic vector bundle over M with a Hermitian metric hG. Let
G be the Kodaira Laplacian with values in T
∗0,•M ⊗G and let e−tG be the associated heat
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operator. It is well-known that e−tG admits an asymptotic expansion as t→ 0+. The analytic
torsion associated to G is defined by exp(−12θ′G(0)), where
θG(z) = −M
[
STr[Ne−tGP⊥]
]
.
Here N is the number operator on T ∗0,•M , STr denotes the super trace , P⊥ is the orthogonal
projection onto (KerG)
⊥ and M denotes the Mellin transformation.
From Theorem 5.5, we deduce Bismut and Vasserot’s asymptotic formula (see [3, Theorem 8]
and [14, Theorem 5.5.8]):
Corollary 5.6. With the notations above, let M be a compact Hermitian manifold of dimension
dimCM = n. Let (L, h
L) be a Hermitian line bundle over M such that the curvature RL
associated to hL is positive, i.e.
√−1RL is a positive (1, 1)-form and let (F, hF ) be a holomorphic
Hermitian vector bundle on M . As m→ +∞, we have
θ′Lm⊗F (0) =
rkF
2
∫
M
log
(
det
(
mR˙L
2π
))
em
√−1
2π
RL + o(mn),
where R˙L is defined in [14, (1.5.15)].
Proof. We take X to be the circle bundle
{
v ∈ L∗ : |v|2h−1 = 1
}
over the compact complex
manifold M where (L∗, h−1) is the dual line bundle of Hermitian line bundle (L, h) over M . Let
(z, λ) be the local coordinates on L∗, where λ is the fiber coordinates. The natural S1-action on
X is defined by eiθ ◦ (z, λ) = (z, eiθλ). Then we can check that X is a compact CR manifold
with a transversal CR S1-action. Let x = (z, λ) ∈ X. On X we can check that Lx|T 1,0X = 12RLz .
Let E be the bundle over X such that Ex = Fz × {λ}. It is well known that (see [13, p. 746],
Theorem 1.2 in [5]), the spectrum of the Dolbeault Laplacian Lm⊗F associated to the bundle
L⊗m⊗F on M is the same as the spectrum of the b,m associated to the bundle E on X. From
(5.17), we have
θ′Lm×F (0) = θ
′
b,m(0) =
rkE
4π
∫
X
log
(
det
(
mR˙
2π
))
e−m
dω0
2π ∧ (−ω0) + o(mn)
=
rkF
2
∫
M
log
(
det
(
mR˙L
2π
))
em
√−1
2π
RL + o(mn)

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